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Abstract 

In this paper, we introduce and characterize double fuzzy weakly preopen and double fuzzy weakly preclosed 
functions between /-double gradation fuzzy topological spaces and also study these functions in relation to some 
other types of already known functions. 



Introduction 

In the history of science, new theories have always 
been necessary in order for existing scientific theories 
to progress and this will continue to be true in the 
future. Two examples of essentially different mathemati- 
cal theories that deal with the concept of uncertainty are 
probability theory and the theory of fuzzy sets. Whereas 
probability theory has a history of around 360 years, 
the theory of fuzzy sets is little more than 50 years old. 
Since the 1960s fuzzy methods have entered the scientific 
and technological world, good theoretical progress (e.g., 
fuzzy logic, fuzzy probability theory, fuzzy topology, fuzzy 
algebra) has been made, and there have been technical 
advances in various areas (e.g., fuzzy control, fuzzy expert 
systems, fuzzy clustering and data mining). 

Chang (1968); Lowen (1976); Sostak (1985); Kubiak 
(1985); Samanta and Mondal () and many others con- 
tributed a lot to the field of Fuzzy Topology. In recent 
years Fuzzy Topology has been found to be very useful 
in solving many practical problems. Shihong Du et. al. 
(2005) are currently working to fuzzify the 9-intersection 
Egenhofer model Egenhofer and Franzosa (1991); Herring 
and Egenhofer (1991) for describing topological rela- 
tions in Geographic Information Systems (GIS) query. In 
El-Naschie (1998, 2000), El-Naschie has shown that the 
notion of Fuzzy Topology is applicable to quantum parti- 
cle physics and quantum gravity in connection with String 
Theory and e°° Theory. Tang (2004) has used a slightly 
changed version of Chang's fuzzy topological space to 
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model spatial objects for GIS databases and Structured 
Query Language (SQL) for GIS. 

In this paper, we will introduce the concepts of dou- 
ble fuzzy weakly preopen and double weakly preclosed 
functions in /-double gradation fuzzy topological spaces. 
Their properties and the relationships between these 
functions and other functions introduced previously are 
investigated. 

Preliminaries 

Throughout this paper, let X be a nonempty set and / is the 
closed unit interval [0, 1]. 4 = (0, 1] and h =[0, 1). The 
family of all fuzzy subsets on X denoted by By 0 and 1, 
we denote the smallest and the greatest fuzzy subsets on 
X. For a fuzzy subset X € 1 — ^ denotes its comple- 
ment. Given a function / : X — >■ Y,f(k) and f~^{X) define 
the direct image and the inverse image of / defined by 
m(y) = V/w=y^W and/-i(v)(^) = y(/-(*)), for each 
X e I^, V e , and x e X, respectively. For fuzzy subsets 
X and /X in X, we write Xqfi to mean that X is quasi coinci- 
dent (q-coincident) with /Lt, that is, there exists at least one 
point X e X such that X(x) + fi(x) > 1. Negation of such 
a statement is denoted as Xqfi. Notions and notations not 
described in this paper are standard and usual. 

Definition 2.1. [(Samanta and Mondal (1997, 2002); 
Garcia and Rodabaugh (2005)] An I-double gradation 
fuzzy topology (t,t*) on X is a pair of maps t, r* : — >■ /, 
which satisfies the following properties: 

(01) t(A) < 1 - r*(;.) for each X e . 

(02) t(Ai a X2) > r(Xi) A r(X2) and 
t*(Aia;^2) < r*(Xi)VT*(X2) for each X1.X2 e 



Sprin 



ger 



© 201 2 Ghareeb; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons 
Attribution License (http://creativecommon5.0rg/license5/by/2.O), which permits unrestricted use, distribution, and reproduction 
in any medium, provided the original work is properly cited. 



Ghareeb SpringerPlus20^2, 1:19 
http://www.springerplus.eom/content/l /I /1 9 



Page 2 of 9 



(03) r(V,er ^0 > Ai^r ^(^/) 

t*(Vi6r < V;er each A,- e 

ze r. 

The triplet {X,x,t*) is called an /-double gradation 
fuzzy topological spaces (/-dfts, for short). A fuzzy set A. is 
called an (r, s)-fuzzy open ((r, s)-fo, for short) if r(A) > r 
and r*(k) < s. A fuzzy set A, is called an (r,s) -fuzzy 
closed ((r,s)-fc, for short) set iff 1 — A. is an (r,s)-fo set. 
Let (X, Ti, r*) and {Y, T2, t|) be two /-dfts's. A function 
/ : X — >■ Y is said to be a double fuzzy continuous iff 
n(f~^(v)) > r2(v) and r^(f~^(v)) < t|(v) for each 

There was a question we must ask ourselve before start- 
ing to present our results, which was: Is it useful to intro- 
duce new concepts to I-double gradation fuzzy topological 
spaces'? 

We could know that double (initially, intuitionistic) 

fuzzy sets (and hence double fuzzy topological spaces) 
deal with ambiguity in a way better than fuzzy sets. In 
addition to that, double fuzzy topological spaces is a gen- 
eralization of some other kinds of topological spaces; we 
can get fuzzy topological spaces in Chang's sense (X, Tr,s), 
where 

7^,,,) = {A€/^|r(A)>r, T*(A) < s}. 

Also, when the conditions t* (k) = 1 — x (k) and r(A.) + 
r*iX) ft 1 achieved in Definition 2.1, we get the defini- 
tion of fuzzy topological spaces in Kubiak- Sostak's sense 
Kubiak (1985); Sostak (1985). If we use 2^ instead of 7-^, 
the resulting topological structure will be called double 
gradation fuzzifying topological spaces (A new structure 
mentioned for the first time in Bhaumik and Abbas 2008). 
Besides, we can also get the general topological spaces. 

Theorem 2.1. [{(^oker and Demirci 1996; Lee and Im 
(2001)] Let (X,T,x*)bean I-dfts. Then for each r€lo,s€ 
I\ and X e I^, we define an operator Cx,x* il^xloxli 
as follows: 

Cr,r*(k,r,s) = /\{ix&I^ \k<iM, ril-iM)>r, t*(1-m)<s}. 

For X, IX € I^, r\,r2 e /q and si,S2 e h, the operator Cx,x* 
satisfies the following statements: 

(CI) Q,r*(0,r,s) =0, 
(C2) X < Cr,r*(X,r,s), 

(C3) Cr,r* {X, r, S) V Cr,r* {jX, r, s) = Cr.r* (X V fX, r, s), 

(C4) Cr,T*(A,ri,si) < Cx,T*(k,r2,S2) ifri < r2 and 

Sl > S2, 

(C5) Ct,r* (Cr,r* (K r, s), r, s) = Ct,T* (X, r, s). 

Theorem 2.2. [((Joker and Demirci 1996; Lee and Im 
2001)] Let {X, T, T*) be an I-dfts. Then for each r e Iq, s & 



Ii and X e l^, we define an operator Ix,x* : x /q x /i ^ 
I^ as follows: 

Ir,r*ik,r,s) = \/{iM&I^ I iM<X, t(m) > r, T*(At) < s}. 

For X.^i e I^, r,ri, e Iq and s,s\,S2 e h, the operator 
Ix,x* satisfies the following statements: 

(11) Ir,r* (1 - A, r, 5) = 1 - Cr,r* (X, r,s), 

(12) /,,,*(l,r,5) = l, 

(13) h,r*(X,r,s)<X, 

(14) Ix,r* (X, r, S) A Ir,r* {/l, r, s) = /r.r* (X A /X, r, s), 

(15) /r,T*(A, ri,si) > lT,T*(X,r2,S2) ifri < r2 andsi > S2, 

(16) Ir,T* iIr,T* r, s), r, s) = Ir,r* (X, r, s), 

(17) Ifh,z* {X, r, s), r, s) = X, then 
Ct,t* Ut.t* (1 - X,r,s),r,s) = I - X. 

Definition 2.2. Let (X, r, r*) be an I-dfts. For X e I^, 

r € /o and s e I\. 

(1) X is called (r, s) -fuzzy preopen ((r, s) -fpo, for short) if 
A < It,t* (Ct,t* ^< s),r,s). A fuzzy set X is called 

(r, s) -fuzzy preclosed ((r, s)-fpc, for short) iffl — X is 
(r, s) -fpo set Their, s) -fuzzy preinterior of X, 
denoted by Pit ^r* (X, r, s) is defined by 

PlT:,T*iX,r,s) = \/[v e I V < A, V is ir,s) — fpo}. 

The (r, s) -fuzzy preclosure of X, denoted by 
PCx,x* (A, r, s) is defined by 

PCr,r*{X,r,s) = /\{v e I A < V, V is (r,s)-fpc}. 

(2) X is called (r, s) -fuzzy regular open ({r, s)-fro, for 
short) ifX = /t,t* (Cr.r* (A, r, s), r,s). A fuzzy set X is 
called (r, s) -fuzzy regular closed ({r, s) -frc, for short) 
iffl — X is (r, s)-fro set 

(3) X is called (r, s) -fuzzy a -open ({r, s) -fa o, for short) if 
^ < h,T* (Ct,t* (It,t* (A, r, s), r, s), r, s), A fiizzy setX is 
called {r,s)- fuzzy a -closed ({r,s)-fac, for short) iff 
1— X is {r,s)-fao set. 

Theorem 2.3. Let (X, r, t*) be an I-dfts. For X e I^, r e 
lo and s e h. 

(1) X is (r,s)-fpo (resp. (r,s)-fpc) iffX = PIt,r*(X,r,s) 
(resp. X = PCx,T* (A, r, s) ), 

(2) Ix,x*(X,r,s) < PIx,x*(X,r,s) < A < PQ,,*(A,r,s) < 
Cx,x*(X,r, s), 

(3) 1 - PIx,x* (A, r, s) = PCx,x* (1 - A, r, s) and 
PIx,x* (1 - A, r, s) = 1 - PCx,x* (A, r, s). 

Definition 2.3. Z,e^/ : (X,ri,r^) {Y,X2,r^) be a 
function from an I-dfts {X, n, x^) into an I-dfts (Y, X2, X2). 
The function f is called: 



Ghareeb SpringerPlus 201 2, 1 :1 9 
http://www.springerplus.eom/content/1/1/19 



Page 3 of 9 



(1 ) double fuzzy preclosed if f{X) is (r, s) -fpc set in for 
each k €l^,r € lo and s e h; Xi (1 — A) > r, 
T*(l- A.) <s, 

(2) double fuzzy open if r2(f(k)) > ti (A) and 
'C2(fW) < T^iW for each A e r e /q and s e h, 

(3) double fuzzy almost open if 72 (f(^)) >: and 

t| (/■(>.)) < s for each (r, s) -fro set X&I^,r &Iq and 
s e h. 

Definition 2.4. Lei/ : (X,ri,r*) (Y,r2,r^) be a 
function from an I-dfts {X, ti, t^) into an I-dfts {Y, X2, ). 
The function f is called: 

(1 ) double fuzzy weakly open if 

fW < /r,,r| (fiCr,,r* (K r, s)), Y, s) for each X e I^, 
r € Iq ands e h; Ti(A) > r and r^{k) < s, 

(2) double fuzzy a-open iffiX) is {r,s)-fcco in for each 
X &I^,r &Io ands e h; ri(X) > r and x*{X) < s. 

Definition 2.5. Let (X, x, x*) be an I-dfts, jx e I^, Xt e 

P(X), r € /o ands € h where P(X) is the family of all fuzzy 
points inX. jj, is called an (r, s)-fuzzy open Q-neighborhood 
ofxt ifxiiJ.) > r, x*ifi) < sandxtq^i. Wedenote thesetof 
all (r, s)-fuzzy open Q-neighborhood ofxt by Qt,t* {xt, r, s). 

Definition 2.6. Let {X, x, x*) be an I-dfts, X e I^, xt e 

P(X), r e Iq and s e h. Xt is called {r,s)-fuzzy 0- 
cluster point of X if for every fi e Qr,r* fe, 5), we have 
Cr,T*ifi,r,s)qX. We denote Dx,x*i^,r,s) = \/{xt e P(X) \ 
Xt is {r,s)-fuzzy9-cluster point of X}. Where Z)f,j*(A., r,s) 
is called (r, s)-fuzzy 9 -closure ofX. 

Theorem 2.4. Let (X,x,x*) an I-dfts. For X, fi e I^ and 

r, s & lo, we have the following: 

(1) Dx,r*{Kr,s) = /\{iJi&I^ \ X< 

Ir.r* (fi, r, s), x(l- IJ.)>r, T*(l - n) < s], 

(2) Xt is (r, s) 'fuzzy 0 -cluster point of X iff 
Xt e Dt_t*{X,r,s). 

(3) Cx,x* (X, r, s) < Dt,x* {X, r, s), 

(4) Ifx(X) > r and x*{X) < s, then 
Ct,t* (X, r, s) = D-t^t* {X, r, s), 

(5) If X is (r, s) -fpo, then Cx,x* (X, r, s) = Dx,x* (X, r, s), 

(6) If X is (r, s) -fpo and X = Cx,x* {Ix,x* f, s), r, s), then 
Dx,x*{X,r,s} = X. 

The complement of (r, s)-fuzzy 0-closed set is called 
(r, 5) -fuzzy 0-open and the (r, 5) -fuzzy 0 -interior opera- 
tor denoted by Tx,x*(Kr,s) is defined by Tx,x*{^,r,s) = 
V{v e I^ I Cx,x*(v,r,s) < X, t(v) > r,x*(v) < s]. 

Remark 2.1. From Theorem 2.4 It is easy to see that: 

(1) Ix^x* (A, r, s) < Tx,x* {X, r, s) for any X e I^, r € Iq and 
s e/i, 



(2) Tx,x* r, s) = Ix,x* (X, r, s) for each A e r e /q 
and s € h; x{X) >r and x*{X) < s. 

Double Fuzzy weakly preopen functions 

Definition 3.7. A function f : (X, xi, x^) {Y, X2, r|) 
is said to be double fuzzy weakly preopen if 

f(X) < Plx^^xi (f(Cx„x* r, s)), r, s) 

for each X € I^,r & Iq and s e Ii; Xi {X) > r and x* {X) < s. 

Remark 3.2. Every double fuzzy weakly open function 
is double fuzzy preopen and every double fuzzy preopen 
function is double fuzzy weakly preopen, but the converse 
need not be true in general. 

Example 3.1. Let X — {a,b,c} and Y = {x,y,z] . Fuzzy 
sets Xi, X2 and A.3 are defined as: 

Xi(a) = 0.5, Xi(b) = 0.3, Xi(c) = 0.2, 
X2ix) = 0.9, X2(y) = l, X2iz) = 0.7, 

= 0.2, Xsiy) = 0.2, ^3(2) = 0.3. 

Define xi and X2 as follows: 

1 
1 
3 
0 

1 

1 

3 
2 

3 



XliX): 



T2a)= 



if A = 0,1; 




0 


if A = 0,1; 


if X = X\; , 




1 

4 


if X = X\; 


otherwise. 




1 


otherwise. 


if X = 0, 1; 




0 


if A = 0,1; 






1 




if X — X2; 






if X = X2; 


1 


t|(A) = 


4 
1 




if X = Xy, 




3 


if X = A3; 


otherwise. 




1 


otherwise. 



Then the mapping f : (X, Ti,Tj) {Y,X2,X2) defined 
by f{a) = z,f{b) = x and f{c) = y is double fuzzy weakly 
preopen but not double fuzzy preopen. Where ri(A) > 

(A) < \ andfiX) is not (|, \)-fpo. 

Example 3.2. LetX = {a,b,c] and Y = {x,y,z]. Fuzzy 
sets Xh A2 and A3 are defined as: 

Ai(fl)=0.5, Ai(Z))=0.3, Ai(c) = 0.2; 
X2(x) = 0.9, X2(y) = I, X2(z) = 0.7; 

X3{x) = 0.2, A3(y) = 0.9, Xsiz) = 0.3. 

Let (ti, Tj ) and (X2, X2) defined as follows: 

I if X = Q,l [0 «/ A = 0, 1 

^ if A = Ai; , rf(A)= ^ if X = X\; 

0 otherwise. 1 otherwise. 



Tl(A) = 
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T2W = 



1 x = o,i 

- if X = A.2; 

^ «/ X = A,3; 

0 otherwise. 



0 jf A = 0, 1 (3) =^ (4) Let V e Using (3), we have 

1 if X = Xr, =T,„r^(f-\l-v).r.s) 
1 otherwise. <f~^ (-P^rj.rj (i - v, r, s)) 

=f-\l-PC,^,r*(v,r,s)) 



Then the mapping f : {X, n, t*) — >■ {Y, xi, t|) defined by 

f{a) = z,f{b) = X and f(c) = y is double fuzzy weakly = 1 — (f~^(PQ2^^|(v,r,s))). 

preopen but not double fuzzy weakly open. Since f{ki) ^ _ _ 

It. X' (fiCr, r*(^i,r,s)),r, s). Therefore, we obtain/ (v, r, s)) < Dr,,r* if \v), 

r,s). 

Theorem 3.5. for a function f : (X,ri,r*) ^ (Y, (4) ^ (3) SimUarly weobtain, l-/-i(P/,„,|(v,r,s)) < 

T2, t|). The following statements are equivalent: 1 - ^t^.r* (f"^ (v), r, s), for every v e r e /q and s e /i, 

i.e., (/-I (v), r, s) < /"^ (P/^^,^* (v, r, s)). □ 

(1) f is double fuzzy weakly preopen, 

(2) fiT,^.r*^{X,r,s)) < PIr„r*m).r,s) foreachX € I"", Theorem 3.6. for i^je >«cft-o« / : (X.n.r*) ^ (r, 
r e /q and 5 e /i, following statements are equivalent: 

(3) T,^,,,(f-\v),r,s)<f-\PI,^,,*{v,r,s)) for each ^ 

V €l^,r €lo and s e h, W f double fuzzy weakly preopen, 

(4) f-^ (PCr^.T* (v, r, s)) < Dr^^r* (f~^ (v), r, s) for each (2) For each Xt e P(X) and each n e I^; n {p,) > r and 

V €l^,r€loands €h. ^ ^1^^ - ^ ^'^^ - ^^'^'^^ '^P° ^^'^ y 

such thatfixt) <y andy <fiC^^^.^*ifi,r,s)). 

Proof (1) =^ (2) Let A e and Xp e rri,^.(A„r,s). 
Then there exists y e Qn.ri* (*/^. ^ «) such that y < -P^o/ (1) =^ (2) LetXf e P(X) and e such that 
Qj^^*(y,r,s) < A.. Thnsfiy) < /(Qj,T*(y,r,s)) < f(X) > t*(m) < s and < /x. Since/ is double fuzzy 

and hence ^ weakly preopen, then/(/x) < f /t2,t| (fCCri.T* (M. ns)), r, s). 

Let y = PI^^^r*(f(Cri,T*(P-,r,s)),r,s). Hence y </(Qi,t* 

^W(f(K),r,s) < ,*(K,r,s)),r,5) (/^' '■'^))' with/fe) < y. 

^ ' ' (2) (1) Let/x e 7-^; nC/x) > r, Tf(/Lt) < sand 

< (fiX), r, s). ys < filJ')- It follows from (2) that y < f{C,,,r* (l^, r, s)) 

for some (r, s)-fpo ye/'' and js < y. Hence we have. 
Since/ is double fuzzy weakly preopen, ys < y < PIr,,r*(f(Cr,,r*(p,r,s)),r,s). This shows that 

/(A<-) < PlT2.T*(fiCri,r*iP,r;s)),r,s), le.f is double fuzzy 
weakly preopen function. □ 

/(y) < PIr„ri {fiCr„rl iv > r, s)), r, s) < PI,^_,* (f{X), r, s). 

Theorems.?. Letf : {X, n, rj*) (Y, T2, beabijec- 
and hence f{xp) e PI.,^^j*(f{X),r,s). This shows that tive function. Then the following statements are equivalent: 
Xp €f-\PIr,(f(X)>r,s)). Thus T,,(X,r,s) <f-HPI,,_,* 

(;^(A),r,5))andso,/(r,,,*(;^,r,5))<f/,,,.(f(A),r,5). (D f is double fhzzy weakly preopen; 

o^U n ^ T / 1 ' / w J J. w Q- ^^^2,r| mi r, s) <f(C,,,,* (X, r, 5)) for each X e 
(2) (1) Let u e / ; Ti(a) > r and t, (a) < s. Smce t . r Ax j */, n 

^ r r ^ \ 7v, ~ 1 VM-- - r G /o and s e /i; n (A) > r and (X) < 5; 

M < ir,,r*i^n.r^if^,r,s),r,s),tnen (v,r,s)),r,s) <f{v) for each v & l"", 

r € lo ands e /i; ri(l — v) > r and (1 — v) < s. 

/(m) <fiTr^,r* (Qi,T* (M. ^ S). S)) 

Proof (1) =^ (2) Let v e ri(v) > r and rf (v) < s. 
< -P^ra.rl (/(Qi.ti* (m- ^ «)• Then we have, 

/(l-v) = l-/(v)<PW(f(Q,,,*(l-v,r,s)),r,s), 
Hence/ is double fuzzy weakly preopen. ^ ^ 

(2) ^ (3) Let V e I^. By using (2), /(T,!.^* (f''^ (v), and so 1 -/(v) < 1 - f C,,,,| (f (/.j,,* (v, r,s)), r,s). Hence 

< PI,^,r*iv,r,s). Therefore, T^^^^*(f-\v),r,s) < PCz2.x*^ihi.Tl(v,r,s)),r,s) <f{v). 
f~^{PIr r*(v,r,s)). ^ (2) (3) Let X e Z^^; ti(A.) > r and rf (A) < s. Since 

(3) =^ (2) Trivial C^i,t^(X,r,s) is (r,s)-fc set and X < /^i,^*(Qi,^*(A,r,s), 
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r,s) by (3) we have PC,^,,*(f{k),r,s) < PC,^,,*(f{I,^,,* 
{X, r, s)), r, s) <f(C^^,ri (A., r, s)). 
(3) =^ (2) Trivial. 

(2) =^ (1) Trivial. □ 

Theorem 3.8. For a function f : (X,Ti,r*) (Y, 
72. The following statements are equivalent: 

(1) f is double fuzzy weakly preopen; 

(2) f(I,^,,* (y, r, s)) < PI,^,,* {f(v), r, s) for each v e 
r e /o ands e h; ti(v) > r and Tj*(y) < s; 

f3j (C,,,,*(^r, 5), r, 5)) < 

Phj.xi (f(Cri,T* (A., r, 5)), r, s) for each A, e /-^, r e /q 
ands e /i; ti(A) > r and rj*(A.) < s; 

(4) f{k)<PI,^,,*(fiCr„r*iKr,s)),r,s), for each 
ir,s)-fpo setX e I^; 

(5) f(X) < J-/,,,,! (/-(Qi,,; (A, r, s)), r, s), for each 
(r,s)-fao setX e I^. 

Proof (1) (2) Let v e r e /q and s e h; n (1-y) > 
randrfd- v) <s.By(l), 

fi^ri.r* (v, r,s)) < PIx2,x* {fiCx^.zl ihi.zi {v, r, s), r, s)), r, s) 
^ -P^rz.Tl (fCQi.Tf (v, r, s)), r, s) 
= PIr^,r*(fiv),r,s) 

(2) (3) It is clear. 

(3) =^ (4) Let ;^ be (r, 5)-fpo set. Hence by (3), 
/(A) < (Q,,,. (A, r, 5), r, s)) 

< PIr,,r* (f(C,^,r* r, s)), r, s). 

(4) =^ (5) and (5) =^ (1) are clear. □ 

Definition 3.8. A function /: (X, ti, r*) {Y,X2,r^) 
is said to be double fuzzy strongly continuous, if 
f (A, r,s)) < / (A.) for each X € I-^, r € Iq and s e h. 

Theorem 3.9. Iff : (X, n, r*) (Y, X2, t|) is double 
fuzzy weakly preopen and double fuzzy strongly continuous 
function, then fis double fuzzy preopen. 

Proof Let X & such that ti(A) > r and t^(X) < s. 
Since/ is double fuzzy weakly preopen 

fiX) < (fiC,,,,* (X, r, s)), r, s). 

However, since / is double fuzzy strongly continuous, 
then /(A) < PlT:^^x*(fiX),r,s) and therefore /(A) is (r,s)- 
fpo. ' □ 

Definition 3.9. A function f : (X, ti, rj* ) (Y, r-i, T2 ) 
is said to be double fuzzy contra-preclosed iffiX) is (r,s}- 
fpo for each X e I^, r e Iq and s e /i; ti (1 — A) > r and 
rfCl- A.) <s. 



Theorem 3.10. /// : (X, Tj, rp {Y, T2, t*) is dou- 
ble fuzzy contra-preclosed, then f is double fuzzy weakly 
preopen function. 

Proof Let A e I^; ri(A) > r and Tj'(A) < s. Then, we 
have 

/(^) </(Qi,,* (A, r, 5)) = J'/.j,,! (/-(Q,,,. (A, r, 5)), r, s). 



□ 



The converse of the above theorem need not be true in 
general as in the following Example. 

Example 3.3. LetX = {a,b,c} and Y = [x,y,z]. Define 
fuzzy sets X\, Xi as follows: 

Ai(a) = 0, Ai(l7) = 0.2, Ai(c)=0.7; 
Xi{x) = 0, A2O') = 0.2, A2(;c) = 0.2. 

Let (ti, t*) and (t2, t|) defined as follows: 



Tl(A) = 



I if X 
1 
3 

0 otherwise. 



1,0; 

if X = X\; 



Ti*(A) = 



r2(A) = 



I if X 
1 
3 

0 otherwise. 



1, 0; 
if A = A2; 



r|(A) = 



0 if A = l, 0; 
- if X = Xi; 

1 otherwise. 



0 if A = 1, 0; 
- if X = Xx, 

1 otherwise. 



Then the function f : (X, n, r*) — (y, T2, t|) defined as 
f(a) = x,f(b) = y and f{c) = z is double fuzzy weakly 
preopen but it isn't double fuzzy contra-preclosed. 

Definition 3.10. An I-dfts {X, r, r*) is said to be (r, s)- 
fuzzy regular space if for each X e I^; t (A) > r and 
T*(A) < s is a union of (r,s)-fo sets jXi e such that 
Cr,r*(iJ-i,r,s) < A for each i e /. 

Theorem 3.11. Let (X, t, t*) be (r, s)-regular fuzzy 
topological space. Then, f : (X,x\,x*) (Y, 12,1:2) is 
double fuzzy weakly preopen if and only iff is double fuzzy 
preopen. 

Proof. The sufficiency is clear. For the necessity, let A e 
I^, r e /o, s e h; X ^ Q, ti(A) > r and (A) < s. For 
each% < A, letXf < fjUxt < Qi,r*(M»(>''>s) < A. Hence we 
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obtain that k = \J{iJixt = V{Ql,r^(Mx^.^■s) | 

Xt < A} and, 

/(^) = yifii^x,) \xt<k} 

< \/{PIr,.r*(fiC,,,r*ilJ.^„r,s)),r,s) \Xt<k] 

< PIz2,T* ifCS/iCri.T* il^xf r, s) I Xt]), r, s) 
= PI,,,,*(f{X),r,s). 

Thus / is double fuzzy preopen. □ 

Theorem 3.12. /// : (X, ti, t*) (Y, T2, t*) is double 
fuzzy almost open function, then it is double fuzzy weakly 
preopen. 

Proof Let k e I^; xi{k) > r and t^{k) < s. Since / is 
double fuzzy almost open and r,s), r,s) is 

(r,s) -fro, then 

h2,r^ {f(hi,r^ (Qi.rf r, s), r, s)), r, S) =/(/ri,ri* (Q^rj* 

X {k,r,s),r,s)) 

and hence 

fW < f{IxT,,x{ (Qi,Ti* ^ s), r, s) 

^ -^rz.rl (/'(Cri.r* r, s)), r, s) 

<PI,^,,*(f{C,^,,*{k,r,s)),r,s). 
This shows that / is double fuzzy weakly preopen. □ 

Definition 3.11. Let iX, r, t*) be an I-dfts, r e Iq and 
s e /i. The two fuzzy sets k, & are said to be (r, s)- 
fuzzy separated iff kqCx,x*{ii,r,s) and iJ,qCt^t*(k,r,s). A 

fuzzy set which cannot be expressed as a union of two (r, s)- 
fuzzy separated sets is said to be (r, s)-fuzzy connected. 

Definition 3.12. Let (X, r, t*) an L-dfts. The fuzzy sets 
k, IX € L-^ such that k ^ 0, pi ^ 0, are said to be fuzzy {r, s)- 
pre-separated if kqPCr,r*ifi,r,s) and iJiqPCx,x*Q-,r,s) or 
equivalently if there exist two (r,s)-fpo sets v, y such that 
k < V, IX < y, kqy and ixqv. An L-dfts which can not be 
expressed as a union of two fuzzy (r,s)-pre-separated sets 
is said to be fuzzy (r, s)-pre-connected space. 

Theorem 3.13. Lff : {X, ti, x*) (Y, xi, x^) is an 

injective double fuzzy weakly preopen and strongly dou- 
ble fuzzy continuous function from the space {X, xi, x^) 
onto an (r,s)-fuzzy pre-connected space (y, r2, t|), then 
(X, x\, x^) is {r,s)-fuzzy connected. 

Proof Let (X, Ti, r^) be not (r, s)-fuzzy connected. Then 
there exist (r,s)-fuzzy separated sets fi, y & L^ such 
that v y = 1. Since fi and y are (r,s) -fuzzy sepa- 
rated, there exists k, n e L^; xi(k) > r, xiiii) > r 



and x*(k) < s, x*(ii) < s such that P < k, y < ii, 
fiqii and yqk. Hence we have fiP) < fik), fiy) < 
fil^),fiP)^il^) and/(y)^(X). Since / is double fuzzy 
weakly preopen and double fuzzy strongly continuous 
function, from Theorem 3.10 we have f{k) and fill) are 
(r,s)-fpo sets. Therefore, /(jS) and/Cy) are (r,s)-fuzzy 
pre-separated and 

1 =/(D =fiP V y) =f(p) vfiy) 

which is contradiction with (Y, X2, ) is (r, s)-fuzzy pre- 
connected. Thus (X, Ti, x^) is (r, 5)-fuzzy connected. □ 

Double Fuzzy weakly preclosed functions 

Definition 4.13. A function f : (X, n, t^*) (Y, X2, t|) 
is said to be double fuzzy weakly preclosed function if 

PCr2.x* (fUxr.x* r, s)), r, s) <f{k) 

for each k & L^, r & Lq and s e /i; — k) > r and 
Tfd- A.) <s. 

Remark 4.3. Clearly, every double fuzzy preclosed 
function is double fuzzy weakly preclosed, but the con- 
verse need not be true in general, as the next example 
shows. 



Example 4.4. Let X = {a, b) and Y 

ki and k2 are defined as: 



{x,y}. Fuzzy sets 



kiix) = 0.4, 
k2{a) = 0.5, 



^1(7) = 0.3; 
k2{b) = 0.6. 



Let 



1 if A = 1,0; 

1 
2 

0 otherwise. 



if k = k2; , x^ik) = 



0 if A. = 1,0; 

1 
2 

1 otherwise. 



if k = k2; 



l if k 
1 
2 

0 otherwise. 



1,0; 
if k = k\; 



xUk)-. 



1,0; 



0 if k 
- if k = ki; 

1 otherwise. 



Then the function f : (X, xi, rj* ) (Y, X2, X2) defined by 
f(a) = x,f(b) = y is double fuzzy weakly preclosed but is 
not double fuzzy preclosed. 

Theorem 4.14. For a function f : (X, x\, x^) — 
{Y, X2, t|). The following statements are equivalent. 

(1) f is double fuzzy weakly preclosed; 

(2) PC,,,r* (fik), r, s) < /(Q,,,* ik, r, s)) for each k e L^, 
r € Lq ands e /i; Ti(;^) > r and x^ik) < s; 

(3) PC,^_,* (/(/,^.,. ik, r, s), r, s) <f(k) for each k e L^, 
r e /o ands e /i; ri(l -k) >r and rf (1 - k) < s; 
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(4) PC,^^,* (f (7,^,,* (A, r, s), r, 5) </a) for each (r,s)-fpc 

set X € I^,r € lo and s e /i; 
(5j /'Cr2,r|(/'(/rj,r*(^''.s),r,s) <f(X)foreach(r,s)-fac 

A, e r e /o ands e /i. 

Proof. Straightforward. □ 

Theorem 4.15. For a function f : (X, Ti.Tj) — >■ (Y, 
T2, t|). The following statements are equivalent. 

(1) f is double fuzzy weakly preclosed; 

(2) PC,,,,* (f(k), r, s) < f(C,,,,* (X, r, s)) for each 
(r,s)-fro setX & I^,r & Iq ands e h; 

(3) For each v & I^, /i e I^,r € Iq ands e h; ti(/x) > r 
and Tj*(/u-) < s with f~^{v) < jj., there exists (r, s)-fpo 
sety e with v < y andf~^(y) < Qj_^*(/u,,r,s); 

(4) For each fuzzy point ys € P(i') and each fi € I^, 

r € lo ands e h such that tiiix) > r and (/U,) < s 
withf~^(ys) < ju., there exists (r, s)-fpo set y e I^; 
ys<Y andf-'^iy) < r,s); 

(5) PC,,_,*(f(I,^,,^(C,^,,*{X,r,s),r,sy),r,s) < 
/(Qi.T* r, s)) for each X&I^,r &Iq and s & h; 

(6) PC,,',,l(f{I,^,,.{D,^,,*{X,r,s),r,s)),r,s) < 

f (i3ri,T* i^' f' s)) for each X e I-^ , r e Iq ands e h; 

(7) PC,,,',*(f(X), r, s) </(Q,,,. (X, r, s)) for each 
(r,s)-fposetX e I^,r e Iq ands e h. 

Proof We will prove (2) =^ (3) and (1) =^ (6). 

(2) ^ (3) : Let y e I^, r € Iq, s € h and let 
fA. e I^; Tiifi.) > r and rf (/x) < s with f~^(v) < ix. Then 
f~^{v)qC,^,,*(l — C,j^,T:*(p.,r,s),r,s) and consequently, 

^^(Qi,T*(i - Qi.t*(AI.'".«).'".'S)- Since 1 - 
is (r,s)-fro, vqPCr,,r*(f{\ - Cr^,r*(ix,r,s)),r,s) by (2). Let 
y = 1- PC,,,,*(f{\ - C,^,,*iix,r,s)),r,s). Then y is 
(r, s)-fpo with V < y and 

/"'(K) < 1 -f-\PC,,,r* (1 - Q,,,* (/X, r, s), r, s)) 
<l-/-y(l-Q^,,.(/x,r,5)) 

(1) =^ (6) : Let V € r e Iq and s e /i; T2(1 - v) > r, 
r|(l - v) < s and < 1 - /(v). Since /"^(js) < 
1 — V, there exists (r, s)-fpo y e with js < y 
and/-i(y) < - v, r,s) = I - I,^,,*{v,r,s) 

by (6). Therefore yqf{Ir^,zi(y,r)), so that < 1 — 
-PCrj.tl (fQri,xl {v, r, s)), r, s). □ 

Theorem 4.16. Iff : {X, n, rj*) {Y, X2, r|) is double 
fuzzy weakly preclosed, then for each ys e P(F) and each 



€ Qri,r*(f ^(js); '"I'S), there exists (r, s)-fpo set y e 
y e (l.,2,r*(ys,r,s), such that f~'^(y) < Q^^j* (/x, r, 5). 

Proo/' Let fi e Qri,Tj'(f~^0'si''.5)- Then + s > 1 
and hence there exists t e (0, 1) such that ix(x) > t > 
1 - s. Then /m e Qri.T*(f~^(yt)>r,s). By Theorem 3.7- 
6 there exists (r,s)-fpo set y & I^; yt < y such 
that f~^{y) < Qj_-r*(/x, r,s). Now, y(y) > t and 
hence y{y) > 1 — s. Thus y is (r,s) -fpo neighborhood 
of:ys. □ 

Definition 4.14. Let (X, x, r*) be an I-dfts. A fuzzy set 
X e I^ is called (r,s)-fuzzy pre-Q-neighborhood ofxt if 
there exists (r,s)-fpo set p € I^ such that Xtqp < X. We 
denote the set of all (r,s)-fuzzy pre-Q-neighborhood of Xt 
byPQt,r*(xt,r,s). 

Theorem 4.17. In an I-dfts (X, t, r*). A fuzzy point Xt e 
PCr,T* (X, r) if and only if for every fi e PQx,x* i^t, r, s), fiqX 
is hold. 

Proof. Straightforward. □ 

Theorem 4.18. Iff : (X, ti, x*) (Y, X2, x*) is double 
fuzzy weakly preclosed and if for each v e I^, r e Iq and 
s e h; Ti(l — y) > r, Tj*(l — y) < sand each f^^iys) < X—v 
there exists p e Q^.^^ if ^^{ys)>'^>s) such that f~^(ys) < 
M — Qi.Tj* (m. s) < 1— V. Thenf is double fuzzy preclosed. 

Proof. Let v & I^, r & Iq and s e h; Ti(1 — 
v) > r, r*(l — v) < s and let ys < 1 — 
f(v). Then f~^(ys) < ]^ — v, and hence there exists 
M e Qri.T^ (f~^(ys),r,s) such that f~^(ys) < fi < 
C^.T^ifitfyS) < 1 — V. Since / is double fuzzy weakly 
preclosed by using Theorem 3.12, there exists (r, s)-fuzzy 
pre-Q-neighborhood y & I^ with < y and f~^iy) < 
Cxi,T^iti,r,s). Therefore, we ohtzin f~^ (y)qv and hence 
yqf{v), this shows that ys <^ PCT^,,T^*{f{v),r,s). There- 
fore, /(y) is (r, 5)-fpc and / is double fuzzy preclosed 
function. □ 

Definition 4.15. A function f : (X, ri, r^* ) {Y, Xi, x^) 
is said to be double fuzzy contra-open (resp. double fuzzy 

contra-closed) if X2{l—f{X)) > r andxjil—f {X)) < s(resp. 
T2 (f C'^)) >; and {f{X)) < s) for each A e r e /q and 
s e I\; xi{X) > r and x*{X) < s (resp. ti(1 — A,) > r and 
x^(l-X)<s). 

Theorem 4.19. Iff : {X, n, x^) (Y, X2, t|) is double 
fuzzy contra-open, thenf is double fuzzy weakly preclosed. 

Proof Let X&I^,r &Iq and s e /i such that ti (I - A) > 
r and rf (1 - A) < s. Then, 
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PCr^.ri (filn.T^ r, s)), r, s) </(/,i,,* {K r, s)) 

<m- 

□ 

Theorem 4.20. /// : (X, xi, r*) (Y, X2, r*) is double 
fuzzy weakly preclosed, then for every v & and every 
X e I^, r e Iq, s e h such that ti(A.) > r and rl(X) < s 
with f~^(v) < X, there exists (r, s)-fpc set y e such that 
V <Y andf~^{Y) — Qi.Tj* (•^> ■s)- 

Proof. Let y e and let X € I^, r e Iq and s e Ii 
such that Ti(A,) > r and r^{X) < s with /~^(v) < 
X. Put y = PC.C2,z*V(^n,zl(.C.,^,zlQ^>r;s),r,s)),r,s), 
then Y is (r,s)-fpc set in such that v < y 
since v < f(X) < f(I^^^^*iC^^^^*iX,r,s),r,s)) < 
PCr2,T^(fiIri,TliCrj^,TliX,r,s),r,s)),r,s) = y. And since/ 
is double fuzzy weakly preclosed,/"^ (]/) < Qj,j*(A.,r,s). 

□ 

Corollary 4.21. Iff : (X, n, r*) {Y, X2, t|) is double 

fuzzy weakly preclosed, then for every js e P(i') and every 
X € I^, r € Iq and s € h such that Xi {X) > r and x^ (X) < s 
withf~^(ys) — h there exists ir,s)-fpc set y e I^; ys < y 
such thatf~^(y) < C^j_^*(A.,r,s). 

Definition 4.16. A fuzzy set X e is called (r,s)- 

fuzzy 6-compact if for each family {/li \ i e /} in {ji e 
\ fx & Q.T,T*(X, r,s)} satisfy f^i)ix) > X(x) for 

each X & X, there exist a finite subset Jo of } such that 
^ < It,T*(\/{Ct,t*(tii,r,s) I z e/o},r,s). 

Theorem 4.22. Iff : (X, xi, x*) (Y, X2, t|) is double 

fuzzy weakly preclosed with all fibers (r,s)-fuzzy 9 -closed, 
then f (A,) is (r, s)-fpc for each (r, s) -fuzzy 0 -compact X e I^, 
r e Iq and s e h. 

Proof. Let X be (r, 5) -fuzzy 0 -compact and let ys < ^ — 
f(X). Then f~^(ys)qX and for each Xt < X there is i^xt e 
Qti,t*(^(.^s) with ^( < /i;ct and Qi,T*(/X;i,,r,5)^"^0s). 
Clearly {/Xxt \ Xt < X, iXxt e Q.n.T^(.^>'',s)} satisfy 
(Vie/ — ^(^) fo'' 63ch X e X and since X is (r,s)- 

fuzzy 0-compact, there is {/X;ci,Mx2'A^a:3.-.Ma:„} ^ {/x^^ | 
< X, ixxt e Qti,t*(^ '".•«)} such that A < /jj,j*(^,r,5), 
where t = VlQi.TfCAtxi.^s) | / = 1, 2, ...,«}. Since / 
is double fuzzy weakly preclosed, by using Theorem 3.12 
there exists y e PQ^^ (jj, r, s) with 

f~^(ys) <f-\Y) < Q,,,*(l - |,r,s) = 1 -/,^,,*(f,r,s) 
<\-X. 

Therefore ys < y and yqf{X). Thus < 1 — 
PQ2,r| (^), r, s). Thus/a) is (r, s)-fpc set. □ 



Definition 4.17. Let {X, x, x*) be an I-dfts. The fuzzy 
sets X, ijL € I^ are (r, s)-fuzzy strongly separated if there 
exist V, y e I^ such that r(v) > r and t*(v) <s,xiy) > r 
with X < V, /J, < y and Cx,x*{v,r,s)qCx,x*{y,r,s). 

Definition 4.18. An I-dfts (X, x, x*) is called {r,s)-fuzzy 

pre T2 if for each Xt-^, Xt^ with different supports there exists 
{r,s)-fpo sets X, /x € I^ such that Xt^ < X < Xi-t2, — 
jx < Xi-ti '^'^ Xqjji. 

Theorem 4.23. Iff : (X, xi, Tj*) (Y, X2, x^) is double 
fuzzy weakly preclosed surjection and all fibers are {r,s)- 
fuzzy strongly separated, then (F, ti, t*) is (r, s)-fuzzy pre- 
T2. 

Proof Let ys^, ys2 e ^(Y) and let y,v e I^, r e 
lo and s G h; Xi(y) > r, x^iy) < s, Xi{v) > 
r and Ti(v) < s such that f~^(ysi) < Y and 
/^Vsj) ^ ^ respectively with r,s)^Qj_^*(y, r,5). 

By using Theorem 3.12-4 there are (r, s)-fpo sets X, fx & 
I^ such that ysi < X and ys2 < n, f~^iX) < 
Cxi,x*iy>r,s) andf~'^(li) < Cxi,T*iv,r,s). Therefore A^/u., 
because Cx^_x^(Y,r,s)qCx2,x*('^>>'>s) and / is surjective. 
Thus (Y, X2, r|) is (r,s)-fuzzy pre-r2. □ 

Definition 4.19. an I-dfts {X, x, x*) is said to be (r,s)- 
extremally disconnected if x{Cx,x*{X,r,s)) > r and 
'<:*{Cx,x*{X,r,s)) < s for each X e I^; xiX) > r and 
x*{X)'<s. 

Definition 4.20. an I-dfts {X, x, x*) is said to be (r,s)- 
fuzzy almost compact if for each (r, s)-fuzzy open cover 
{Xi I z e 7} ofX, there is a finite subset Jo of J such that 
\J{Cx,x*{Xi,r,s) I ze7o} = l. 

Definition 4.21. A fuzzy set X in an I-dfts (X, x, x*) is 
said to be (r, s)-fuzzy p-compact iff for each family of (r, s)- 
fpo sets [fii \ i € J] satisfies (Vie/MiOW = ■^W fo^ 
each X & X. There exists finite subfamily Jo of J such that 
(y iejo PCr,r*(f^i> r, s))(x) > X(x) for each X e X 

Theorem 4.24. Let iX,xi,x^) be (r,s)-extremally dis- 
connected I-dfts. Letf : (X, Ti, rf ) {Y, X2, t|) be double 
fuzzy open and double fuzzy preclosed injective function 
such that f~^(ys) is {r,s)-fuzzy almost compact for each 
ys e P(}^). IfX e I^ is {r,s)-fuzzy P-compact. Thenf~^(X) 
is {r,s)-fuzzy almost compact. 

Proof. Let {vy | ae e /} be (r,s) -fuzzy open cover of 
/-^(X). Then for each ys < X A /(X), /"^s) < 
V{Cri,T*(v;,r,s) I ae e J(ys)} = Yys, for some 
finite subfamily /(y^) of /. Since (X, ti, r*) is (r,s)- 
extremally disconnected each ti(Qj_^*(v/,r,s)) > r and 
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T*(Qj_j*(yy,r,s)) < s, hence riCy^J > rand T*(Yy,) < s. 
So by Corollary 4.21 there exists (r, s)-fpc set fiy/, js < fJ-y^ 
such that f~^{nyj < C^^^^*{yy^, r,s). Then, {[ly^ | < ^ A 
/(X)} V {1 —/(X)} is (r, s)-fuzzy preclosed cover oik,k< 
V{Cr2,n ^) I J. < ^ A/(X)} V {C,,,,| (1 -/(X), r, 5)} 

for some finite fuzzy subset /<" of A. A /(X). Hence, 
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V{/-i(Q,,,*(l-/(X),r,5))} 



W{C,,,,*(f-\l-f(X)),r,s)} 



so/ ^(A)< Va!e/(y,),y,67c Qi,T*(i^£e. Therefore/ \X) 
is (r, 5)-fuzzy almost compact. □ 
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